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We present a detailed beyond-mean-field analysis of a weakly interacting Bose gas in the crossover
from three to low dimensions. We find an analytical solution for the energy and provide a clear
qualitative picture of the crossover in the case of a box potential with periodic boundary conditions.
We show that the leading contribution of the confinement-induced resonance is of beyond-mean-field
order and calculate the leading corrections in the three- and low-dimensional limits. We also char-
acterize the crossover for harmonic potentials in a model system with particularly chosen short- and
long-range interactions and show the limitations of the local-density approximation. Our analysis
is applicable to Bose-Bose mixtures and gives a starting point for developing the beyond-mean-field
theory in inhomogeneous systems with long-range interactions such as dipolar particles or Rydberg-
dressed atoms.
Introduction. Recent experiments have demonstrated
the stabilization of quantum droplets with weakly in-
teracting gases with dipolar interactions [1–4], as well
as Bose-Bose mixtures [5–7]. The basic ingredient for
this remarkable phenomenon is the near cancellation of
the mean-field interaction such that the beyond-mean-
field corrections become relevant, prevent a collapse of
the Bose gas, and eventually lead to the formation of
droplets [8]. These quantum droplets have renewed the
interest in understanding beyond-mean-field effects [8–
10], but although these droplets are inhomogeneous and
anisotropic, the theoretical analysis so far has mostly
been based on the local-density approximation. In this
Rapid Communication, we present the behavior of the
beyond-mean-field correction beyond local-density ap-
proximation for a dimensional crossover.
The leading correction to the ground-state energy for a
weakly interacting Bose gas in three dimensions has been
pioneered by Lee, Huang, and Yang (LHY) [11, 12], and
has been well confirmed experimentally with cold atomic
gases [13, 14], and the analysis has been extended to dipo-
lar interactions [15]. For lower dimensions, its behavior
is well understood from the exactly solvable theory by
Lieb and Liniger [16, 17] in one dimension, while the be-
havior in two dimensions has been studied in detail in
the past [18–24]. On a theoretical level, the difficulties
appear by the proper renormalization of the contact in-
teraction. A natural approach to avoid this problem is
the application of the theory developed by Hugenholtz
and Pines [25]. This approach is highly suitable for the
study of the crossover and has recently been applied for
dipolar systems for a qualitative analysis of the crossover
[9].
In this Rapid Communication, we calculate the
beyond-mean-field correction for a one-component
weakly interacting Bose gas with scattering length as
in the crossover from three to two and from three to
one dimension. We start with a system that is con-
fined along one or two directions by a box potential with
length l⊥ and periodic boundary conditions. In this case
the ground state is homogeneous and is characterized
by the density n. We calculate the LHY correction as
a function of the dimensionless parameters λ = as/l⊥
and κ = nasl
2
⊥ (see Fig. 1). The result is expressed in
terms of known special functions allowing for an analyt-
ical description of both limits. In particular, on the low-
dimensional side of the crossover (small κ) this method
reproduces results obtained for purely low-dimensional
models with two-body interactions correctly renormal-
ized by the confinement [26, 27]. We extend this crossover
analysis to the case of a harmonic confinement by using a
particular form of the interaction potential, which guar-
antees the Gaussian shape of the mean-field ground-state
wave function along the crossover, and derive the LHY
corrections beyond local-density approximation.
The small parameter ensuring the weakly interacting
regime for a three-dimensional Bose gas is
√
na3s  1.
This condition can either be satisfied by small scatter-
ing lengths or in the dilute regime. With decreasing the
density in the presence of a transverse confinement, the
system crosses over into the low-dimensional regime sig-
naled by the condition that the transverse level spacing
E⊥ = ~2/ml2⊥ is comparable to the chemical potential
µ = 4pi~2asn/m giving rise to a dimensionless parame-
ter κ = nasl
2
⊥ ∼ µ/E⊥: The regime κ  1 describes
a three-dimensional setup, while for κ  1 the system
is effectively lower dimensional (see Fig. 1). Further-
more in one dimension, it is well established that the
strongly correlated Tonks-Girardeau regime is reached in
the low-density limit, while weakly interacting bosons ap-
pear for high densities |n1Da1D|  1; here, n1D = nl2⊥ is
the one-dimensional density and the 1D scattering length
a1D = −l2⊥/2pias. Therefore, the proper small parame-
ter controlling the weakly interacting regime in the full
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Figure 1. Crossover regime from three dimensions to a) one
dimension and b) two dimensions: the parameter characteriz-
ing the crossovers is κ = nasl
2
⊥, which relates the transverse
confinement to the chemical potential. The beyond-mean-
field predictions are valid in the weakly interacting regime
(blue), which requires that
√
na3s  1 for three dimensions,
1/|n1Da1D|  1 for one dimension, and 1/| lnn2Da22D|  1 for
two dimensions. These requirements translate to the condi-
tions λ2  κ  1/λ2 for the 3D-1D crossover and κ  1/λ2
for the 3D-2D crossover, where λ = as/l⊥. Furthermore, it
shows that λ is our small parameter and we require λ 1 for
the validity of our results.
crossover regime is given by λ = as/l⊥  1 , and κ is
restricted to stay in the interval λ2  κ  1/λ2 (see
Fig. 1). By contrast, there is no lower-density limit for
the weakly interacting regime in two dimensions and one
requires κ  1/λ2. Written in terms of λ and κ, the
beyond-mean-field correction in the three-dimensional
regime takes the form [11, 12]
E3D =
2pi~2
m
V
l4⊥as
(
κ2 + λ
128
15
√
pi
κ5/2
)
, (1)
where V denotes the volume of the system. In the fol-
lowing, it is convenient to express the ground-state en-
ergy E[κ, λ] in the crossover in terms of the energy scale
E0 =
2pi~2
m
V
l4⊥as
.
Our approach for the determination of the beyond-
mean-field correction in the crossover is based on the
theory developed by Hugenholtz and Pines [25]. This
method is equivalent to the conventional approach based
on the Bogoliubov theory [28], but naturally avoids diffi-
culties with ultraviolet divergencies. One can understand
this behavior as the divergencies in the Bogoliubov theory
only provide a correction to the mean-field term propor-
tional to n2. In the approach of Hugenholtz and Pines the
ground-state energy is determined by a differential equa-
tion, that does not determine this mean-field term. From
the differential equation and fixing the correct mean-field
behavior in three dimensions, we obtain the ground-state
energy (see Supplemental Material)
E = E3D + κ
2λ E0
∫ ∞
κ
dκ′ [h(κ′)− h3D(κ′)] . (2)
The first term in the integral accounts for the correction
to the beyond-mean-field contribution in the crossover
and takes the form
h(κ) =
1
κ3
∑∫ [ 2ε2 + 3κε√
ε2 + 2κε
− 2ε− κ
]
. (3)
Here, ε = pi
(
u2 + v2 + w2
)
/2 is the single-particle ex-
citation spectrum for periodic boundary conditions with
u, v, and w the three components of the single-particle
momentum in dimensionless units. Furthermore, the no-
tation
∑∫
describes a summation over the transversal con-
fined degrees of freedom, and an integration over the un-
confined dimensions. The last term in the integral in
Eq. (2) guarantees that the integral is convergent and
vanishes for κ→∞. It takes the form h3D(κ) = − 6415√piκ ,
and is the corresponding expression to h(κ) for a three-
dimensional system.
Crossover to two dimensions. We start with the di-
mensional crossover from a three-dimensional setup to-
ward a two-dimensional slab with just a single trans-
verse dimension confined. The ground-state energy in
the crossover is denoted as E2D. Then,
∑∫
=
∑
w
∫
du dv
and the integrations
∫
du dv can be performed analyti-
cally leading to
h(κ) =
1
κ3
[
g(0) + 2
∞∑
w=1
g
(
piw2
2
)]
(4)
with g(q2) = 2q2
(
q2+κ−q
√
q2+2κ
)
−κ2. The summa-
tion can be performed by introducing a contour integral∑∞
w=1 = − i2
∮
γ
dw cot(piw) with the contour γ surround-
ing the positive real axis. Then, only the integration
along the branch cut of
√
q2 + 2κ contributes, while the
pole at w = 0 cancels g(0) in the summation. By this
procedure, we obtain
h(κ) = − 32√
piκ
∫ 1
0
dq q3
√
1− q2 coth(q
√
4piκ). (5)
As a consequence, the ground-state energy E2D in the
crossover from three to two dimensions takes the form
E2D
E0
=κ2 + λ
128
15
√
pi
κ5/2
+ λκ2
32
pi
∫ 1
0
dq q2
√
1− q2 ln
(
1− e−
√
16piκ q
)
and is shown in Fig. 2; note that it is most convenient
to show only the beyond-mean-field corrections ∆E2D =
(E2D/E0 − κ2)/λ. In the three-dimensional regime with
κ 1, the transverse confinement leads to an attractive
correction to the ground-state energy,
E2D − E3D
E0
κ1
= −pi
3/2
90
λ
√
κ+O(λκ−1/2), (6)
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Figure 2. Crossover behavior of the beyond-mean-field correction. Black dots denote the result from the numerical evaluation
within the crossover, while the asymptotic behavior for small κ is plotted as a green (solid) line, and the red (dashed) line
shows the analytical prediction for large κ. (a) The behavior of the crossover from 3D to 2D with periodic boundary conditions
in transverse direction. (b) The behavior of the crossover from 3D to 1D with periodic boundary conditions in transverse
direction. (c) The behavior of the crossover from 3D to 1D with a harmonic trapping potential in transverse direction. Note,
that Eh1D(κ 1) includes in addition to the analytical expression Eq. (14), the term Bh1Dκ3.
which is nonvanishing even for κ → ∞. For the quasi-
two-dimensional Bose gas with κ  1, the ground-state
energy behaves as
E2D(κ)
E0
κ1
= κ2+λκ2 ln(κ4pi
√
e)+
2pi
3
λ κ3+O(λκ4). (7)
This expression accounts for the negative beyond-mean-
field correction to the ground-state energy as well as the
zero crossing [see Fig. 2(a)]. The third term describes an
effective three-body interaction due to quantum fluctua-
tions, while the first two terms provide the ground-state
energy of a purely two-dimensional Bose gas. In order to
establish the latter connection, we note that the ground-
state energy of a two-dimensional Bose gas takes the form
[20–24]
E
L2
=
2pi~2n22D/m
ln( 1
n2Da22D
) + ln
[
ln( 1
n2Da22D
)
]− ln(e2γpi√e) (8)
with the two-dimensional density n2D = nl⊥ and the
two-dimensional scattering length a2D. The connection
between the s-wave scattering length as and a2D in con-
fined systems has been derived for a harmonic trapping
potential [27, 29]; its generalization to periodic bound-
ary conditions is straightforward a2D = 2l⊥e−l⊥/2ase−γ
(see Supplemental Material) and was first obtained in
[30]. Inserting this a2D into the ground-state energy of
the two-dimensional Bose gas Eq. (8) and performing an
expansion in the small parameter λ = as/l⊥, we repro-
duce the first two terms in Eq. (7). Note that the ex-
pansion (7) implies κ & λe−1/λ. Otherwise, for exponen-
tially low densities, the two-dimensional small parameter
1/| lnn2Da22D| = 1/| ln(κ/λ) − 1/λ|  1 [18] is no longer
dominated by λ but rather by the logarithm of the den-
sities.
Crossover to one dimension. Next we focus on the
dimensional crossover from a three-dimensional setup to-
ward a one-dimensional tube with two transverse dimen-
sions confined. Like the Bogoliubov theory, the method
used here relies on the existence of a condensate, which
is absent in one dimension. In the weakly interact-
ing regime, however, the ground-state energy is well de-
scribed within the Bogoliubov theory, as the system still
exhibits quasi-long-range order [31]. The ground-state
energy in the crossover is denoted as E1D, and the eval-
uation of h(κ) requires
∑∫
=
∑
w,v
∫
du. In contrast to
the 2D situation, we first perform the integration over
κ′. Then, the expression for the beyond-mean-field cor-
rection reduces to
E1D − E3D
E0
= λ
∫
du
[∑
v,w
f()−
∫
dvdw f()
]
,
where f() =
√
2 + 2κ− − κ. Again, it is possible to
derive an expression in well-known functions by perform-
ing the double sum (see Supplemental Material)
E1D
E0
=κ2(1 + λC1D)− λ 8
3
√
pi
κ3/2 + λκ2
∫ ∞
0
dτ√
piτ
(9)
× [ϑ3
(
0, e−τ
)2−1][1− e−2τκ/piI1 ( 2τκpi )
τκ/pi
]
.
Here, ϑ3(z, q) =
∑
n q
n2 cos(2nz) denotes the Jacobi
theta function, while Iν(z) is the modified Bessel func-
tion. The term involving C1D is a shift to the mean-field
energy due to the confinement defined as
C1D =
∫
dvdw
1√
v2 + w2
−
∑′
v,w
1√
v2 + w2
≈ 3.899,
where the summation
∑′
omits the term v=w=0. The
beyond-mean-field correction ∆E1D = (E1D/E0 − κ2)/λ
along the crossover is shown in Fig. 2(b).
Using the properties of Bessel functions, we expand
Eq. (9) for small values of κ  1 and we obtain the
4leading corrections for the one-dimensional regime
E1D
E0
κ1
= κ2 (1 + λC1D)− λ 8
3
√
pi
κ3/2 + λB1Dκ
3 +O(λκ4)
(10)
with B1D = (1/pi)
∑′
vw
(v2 + w2)−3/2 ≈ 2.88. These
terms account for the attractive part of the beyond-mean-
field correction as well as the zero crossing [see Fig. 2(b)].
Again, we have a very clear interpretation of these re-
sults: the term with κ3 provides an effective three-body
interaction, while the other terms account for the ground-
state energy of a one-dimensional Bose gas. The latter is
well established to take the form [16]
E
L
= − ~
2
ma1D
n21D
(
1− 4
√
2
3pi
1√|n1Da1D|
)
. (11)
Including the effect of the confinement-induced resonance
[26], the relation between a1D and the s-wave scattering
length as takes the form a1D = − 12pi l
2
⊥
as
(
1− C1D asl⊥
)
(see
Supplemental Material). Note, that the parameter C1D
is modified for periodic boundary conditions compared
to a harmonic trapping [26]. Expanding the ground-
state energy of a 1D Bose gas in the small parame-
ter λ = as/l⊥ therefore provides the first two terms in
Eq. (10), i.e., it naturally includes the leading contribu-
tion of the confinement-induced resonance. Finally, it
is also possible to provide an analytical expansion in the
three-dimensional (3D) regime for κ 1, and the leading
correction is attractive:
E1D − E3D
E0
κ1
= −√κλ A1D
2pi5/2
+O(κ−1/2) (12)
with the constant A1D =
∑′
v,w
(
v2 + w2
)−2 ≈ 6.0268.
Harmonic confinement. Finally, we apply our under-
standing of the crossover to a system with harmonic con-
finement in the transverse directions; the trapping fre-
quency is related to the transverse confinement length via
ω⊥ = ~/ml2⊥. We are not interested in mean-field modi-
fications of the ground-state wave function due to inter-
actions, which was studied previously [32–34], but rather
on beyond-mean-field corrections for a setup, where the
condensate remains in the lowest state of the harmonic
confinement. Experimentally, this goal can be achieved
for bosonic mixtures [8]. On the theoretical level, this
goal is conveniently achieved by adding an attractive in-
teraction potential, which is dominated by a large range
r0  l⊥, l⊥/
√
κ within the tube elongated along x, e.g.,
−4pi~2as/(r0
√
pim)δ(y)δ(z)e−x
2/r20 . Note, that such a
potential does not contribute to the beyond-mean-field
corrections due to its large range, but guarantees that
the condensate remains in the lowest energy state of the
transverse confinement within mean-field theory.
We start with the analysis of the dimensional crossover
from three to one dimension with harmonic confinement.
Then, it is convenient to define κ = n1Das, while the
single-particle excitation spectrum in dimensionless units
is modified to  = pi/2
[
u2+(v+w) /2pi2
]
with v, w ∈
{0, 1, 2, . . .}, i.e., v and w denote the quantum numbers
for the harmonic oscillator modes of the transverse con-
finement. The interaction potential will lead to mixing
of different transverse modes, and therefore, the Bogoli-
ubov transformation in general involves many transverse
modes, i.e., au,αβ =
∑
vw
[
uαβu,vwbu,vw − vαβu,vwb†−u,vw
]
with au,αβ the new bosonic operators, and u
αβ
u,vw (v
αβ
u,vw)
the factors of the Bogoliubov transformation. Then, the
term h(κ) within the approach by Hugenholtz and Pines
takes the form (see Supplemental Material)
h(κ) =
4pi
κ3
∫
du
∑
αβ
∑
vw
[− Eαβ ] |vαβu,vw|2 (13)
with Eαβ the Bogoliubov excitation energy in dimension-
less units. In general, the determination of the Bogoli-
ubov excitation spectrum Eαβ and the factors v
αβ
u,vw re-
quires a numerical analysis. The beyond-mean-field cor-
rection to the ground-state energy is determined by fixing
the correct mean-field term ∝ κ2. In the previous anal-
ysis, we observed that the beyond-mean-field correction
includes the modification of the mean-field term by the
confinement-induced resonance. This allows us to fix the
mean-field term in the one-dimensional regime κ  1.
Alternatively, one would expect that for a very shallow
trapping potential the local-density approximation is well
justified, which in turn allows us to fix the mean-field
term for κ  1; our numerical analysis shows that both
approaches coincide. The result of this numerical anal-
ysis in the full crossover from three to one dimension is
shown in Fig. 2(c). In the three-dimensional regime with
κ  1, we find excellent agreement between the numer-
ical analysis and the prediction within the local-density
approach. The latter is obtained by integrating the 3D
LHY result in Eq. (1) over the transversal density profile
of the condensate, i.e., Eh1D = λ
512
75pi κ
5/2Eh0 for κ  1
with Eh0 = ~ω⊥L/as. Note, that the term κ2 is missing
due to our special choice of the interaction potential. In
turn, for κ  1 it is possible to derive the leading cor-
rections to the ground-state energy by determining the
Bogoliubov energy Eαβ and the factors v
αβ
u,vw within per-
turbation theory. It is required to perform the analysis
up to second-order perturbation theory for Eαβ and first
order for vαβu,vw (see Supplemental Material). Then, the
beyond-mean-field correction takes the form
Eh1D
λEh0
κ1
= κ2
Ch1D√
2
− 4
√
2
3pi
κ3/2 +
4
√
2 ln (4/3)
pi
κ5/2 +O(κ3).
(14)
The first term on the right side accounts for the cor-
rection to the mean-field term due to the confinement-
induced resonance with Ch1D ≈ 1.4603 [26], while the sec-
ond term describes the beyond-mean-field contribution
5of a purely one-dimensional system. Finally, the term
with κ5/2 provides the leading correction in the crossover.
It is highly remarkable that for harmonic confinement
a term κ5/2 appears, which was absent in the previous
analysis with periodic boundary conditions. These pre-
dictions are fully confirmed with the numerical approach
[see Fig. 2(c)]. However, for a correct description of the
zero crossing it is also important to include the next term
Bh1Dκ
3 in the expansion. The prefactor Bh1D is determined
by a fitting procedure to the numerical evaluation, which
predicts Bh1D ≈ 0.1.
An analogous calculation can also be performed for
the 3D-2D crossover within a harmonic confinement
κ = n2Dasl⊥. Again, we expect the prediction by local-
density approximation for κ  1, while for κ  1 the
ground-state energy reduces to the two-dimensional re-
sult Eh2D = ~ω⊥κ2 ln
[
κCh2D
]
L2/l2⊥ with C
h
2D ≈ 28.69
[27, 29] including the renormalized scattering length.
The next term due to the crossover can again be de-
rived within perturbation theory and provides a correc-
tion ∝ κ3 lnκ.
Conclusion. We present a detailed study of the
beyond-mean-field corrections for a weakly interacting
Bose gas in the dimensional crossover. While for a trans-
verse confinement with periodic boundary conditions the
analysis can be performed analytically, for a realistic
setup with harmonic confinement a numerical analysis
is required, and we find excellent agreement with the
predictions from local-density approximation for κ & 1.
Furthermore, we find that the correction to the local-
density approximation lowers the ground-state energy.
This phenomenon might explain the recently observed
systematic shift in the scattering length determined by
the stability of self-bound droplets [2]: the finite extent of
the droplets in transverse direction naturally introduces a
confinement of the underlying gas and hence a correction
to the local-density approximation. In addition, our re-
sults show that the full crossover is excellently described
by the combination of the leading contribution for κ 1
and κ  1, which in general is sufficient to describe the
qualitative behavior throughout the crossover. Our re-
sults are immediately applicable to Bose-Bose mixtures of
equal masses, as the treatment of the beyond-mean-field
effects in the vicinity of the collapse reduces to that of
a scalar gas with an effective interaction. Moreover, the
results give a starting point for developing the beyond-
mean-field theory in inhomogeneous systems with long-
range interactions such as dipolar particles or Rydberg-
dressed atoms.
Note added. During the final steps of preparation, we
became aware of very related results by Zin et al. [35].
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BEYOND-MEAN-FIELD CORRECTION
In this paper, we use the field theoretic approach of Hugenholtz and Pines [1] to conveniently include the beyond-
mean-field corrections for the weakly interacting Bose gas. In their paper, Hugenholtz and Pines are able to connect
the ground state energy to the Green’s function of the excited particles. The Green’s function can then be evaluated
using the standard procedure in quantum field theory and they obtain in beyond-mean-field order
E − 1
2
µN =
1
4
∑
k 6=0
2ε˜2 + 3ε˜ng√
ε˜2 + 2ε˜ng
− 2ε˜− ng. (1)
Here, ε˜ = ~2k2/2m is the single particle excitation spectrum, g = 4pi~2as/m is the coupling constant, where as denotes
the scattering length, and n = N/V is the density of the gas. The chemical potential satisfies the thermodynamic
relation µ = dE/dN . Hence, Eq. (1) is a linear first order differential equation for the ground state energy E. We
now rewrite the differential equation in terms of the crossover parameter κ and arrive at
E − κ
2
dE
dκ
=
λ
2
E0
∑∫ 2ε2 + 3εκ√
ε2 + 2εκ
− 2ε− κ,
where ε = ε˜/(4pi~2/ml2⊥) = pi(u2 + v2 + w2)/2 is the single particle excitation spectrum in dimensionless units and
we have introduced the energy scale E0 =
2pi~2
m
V
l4⊥as
. We want to emphasize that this differential equation determines
all terms except the mean-field terms of order κ2. Hence, the divergencies from Bogoliubov theory appearing by a
renormalization of the mean-field term are prevented. The general solution of this differential equation takes the from
E
E0
= κ2
[
1 + λ
(
A(κ∗)−
∫ κ
κ∗
dκ′ h(κ′)
)]
with h(κ) =
1
κ3
∑∫ [ 2ε2 + 3κε√
ε2 + 2κε
− 2ε− κ
]
.
The constant A(κ∗) determines the initial condition of the differential equation and has to be chosen in order to repro-
duce the correct mean-field term proportional to κ2, while κ∗ denotes an arbitrary value. The proper determination
of A(κ∗) is given by the condition to reproduce the correct ground state energy in Eq. (1) of the main text in the
three-dimensional regime with κ 1, which leads to
A(κ∗) =
∫ ∞
κ∗
[h(κ′)− h3D(κ′)]−
∫ κ∗
0
dκ′h3D(κ′). (2)
This relation holds for all values of κ∗ so we choose κ∗ = κ and we arrive at E/E0 = κ2(1 + λA(κ)). For large values
of κ the first term of Eq. (2) vanishes and the second exactly provides the correct three-dimensional LHY correction.
EFFECTIVE SCATTERING LENGTH
We calculate the effective scattering lengths by making use of a two-channel model. In the open channel, we describe
the two particles by the wave function ψ(x,y), whereas the closed channel is described by a single molecular state
φ(z). The two channels are described by[
E −Ha0 −Hb0
]
ψ(x,y) = g
∫
dzαΛ(r)φ(z)δ(z −R) and
[
E − ν0 −HM0
]
φ(z) = g
∫
dxdyαΛ(r)ψ(x,y)δ(z −R),
(3)
2where r and R are the relative and center-of-mass coordinate of the two particles, while αΛ(r) describes the coupling
between the two channels. Here, we introduce a cut-off Λ, such that αΛ(r) → δ(r) for Λ → 0, e.g., αΛ(r) =
e−r
2/2Λ2/(2piΛ2)3/2. Hence, we obtain a pseudopotential in the open channel for Λ → 0 but a regular potential for
Λ 6= 0. This regularization procedure of the pseudopotential is a suitable method to avoid divergencies throughout
the calculation of the scattering amplitudes. The single particle Hamiltonians are given by Hσ0 = − ~
2
2mσ
∆ with mM =
ma + mb. In the following, we restrict ourselves to scattering processes with particles of equal mass ma = mb = m.
To connect the three-dimensional scattering length as to the effective lower-dimensional scattering lengths, we first
need to solve the coupled Eq. (3) in the three-dimensional case. We transform both equations to the center-of-mass
frame. In the center-of-mass frame, the molecular wave function is simply a constant φc and we obtain[
~2k2
m
+
~2
m
∆
]
ψ(r) = gφcαΛ(r) and
[
~2k2
m
− ν0
]
φc = g
∫
drψ(r)αΛ(r). (4)
For the remaining Eq. (4) we choose the ansatz
ψk(r) = e
ikr + β
∫
dr′αΛ(r′)Gk(r − r′), (5)
where we define the Green’s function by ~
2
m
[
k2 + ∆
]
Gk(r) = δ(r). The far-field behavior of our ansatz yields a
connection between the factor β and the low-energy scattering amplitude,
f(k) = − m
4pi~2
β = − m
4pi~2
g2
~2k2
m − ν0 − g2G(0) + mg
2
4pi~2 ik
where G(0) =
∫
dr dr′αΛ(r)αΛ(r′)G0(r − r′).
Thus, the scattering amplitude simplifies to
f(k) = − 1− 4pi~2m νg2 + ik +O(k2)
= − 11
as
+ ik
,
where we have introduced the renormalized detuning ν = ν0 + g
2G(0). Hence, we have found the connection between
the scattering length and the parameters of the two-channel model as = − m4pi~2 g
2
ν .
Quasi one-dimensional scattering
With the discussed procedure, we can now treat confined systems analogously and connect the effective scattering
length a1D to the three-dimensional scattering length as. We will begin with a quasi one-dimensional geometry. We
impose periodic boundary conditions and the allowed wave vectors are of the form kz ∈ R in the elongated direction
and kx =
2pi
l⊥
v, ky =
2pi
l⊥
w with v, w ∈ Z in the transversal directions. As we are interested in the quasi one-dimensional
case, the particles occupy the transverse ground state (v = w = 0) and the kinetic energy along the z-direction is
much smaller than the level spacing, kz  2pi/l⊥. With the restrictions on the wave vectors in mind, the coupled
Eq. (4) remain valid and so does our ansatz Eq. (5). Again, it is possible to find a connection between the quasi
one-dimensional scattering amplitude and the factor β1D using the behavior of the wave function at large interparticle
separations,
f1D(kz) =
i
2
m
~2l2⊥
β1D =
i
2
m
~2l2⊥
g2
~2k2
m − ν0 − g2G1D(kz)
,
where
G1D(kz) =
∫
dr dr′αΛ(r)αΛ(r′)G1Dkz (r − r′) =
m
~2
1
l2⊥
∑
px,py
∫
dpz
2pi
αˆ2Λ(p)
k2z − p2 + iη
= − im
2~2l2⊥kz
+
m
~2l2⊥
∑
(px,py) 6=(0,0)
∫
dpz
2pi
αˆ2Λ(p)
k2z − p2 + iη
= − im
2~2l2⊥kz
+G
′
1D(kz).
3Here, αˆΛ(p) denotes the Fourier transformed of αˆΛ(r) and we separated the mode px = py = 0 in the last step.
Finally, we arrive at an expression for the quasi one-dimensional scattering amplitude
f1D(kz) = − 1
1 + ikz
(
2~2l2⊥
m
(
ν
g2
+G
′
1D(0)−G(0)
))
+O(k2z)
= − 1
1 + ikza1D
,
where the effective scattering length a1D is given by
a1D = − 1
2pi
l2⊥
as
(
1− C1D as
l⊥
)
with C1D =
∫
dvdw
1√
v2 + w2
−
∑′
v,w
1√
v2 + w2
≈ 3.899.
This expression describes the confinement-induced resonance for a setup with periodic boundary conditions.
Quasi two-dimensional scattering
Next, we calculate the effective two-dimensional scattering length a2D in the same manner. The allowed wave
vectors are of the form ky, kz ∈ R and kx = 2pil⊥w with w ∈ Z. The motion is restricted to the transverse ground state
and an analysis of the far-field behavior of the given geometry gives an expression for the scattering amplitude
f2D(kρ) = − m
4~2
√
2i
pikρ
1
l⊥
β2D = − m
4~2
√
2i
pikρ
1
l⊥
g2
~2k2ρ
m − ν0 − g2G2D(kρ)
,
where we have introduced k2ρ = k
2
y + k
2
z , and
G2D(kρ) =
m
~2
1
l⊥
∑
px
∫
dpydpz
(2pi)
2
αˆ2Λ(p)
k2ρ − p2 + iη
.
Replacing the bare detuning ν0 with the physical detuning ν, we arrive at
f2D(kρ) = −
√
2pii
kρ
1
l⊥
as
− 4pi~2l⊥m
(
G
2D
(kρ)−G(0)
) = −√2pii
kρ
1
ipi − ln (k2ρl2⊥e−l⊥/as) = −
√
2pii
kρ
1
ipi − ln (k2ρa22De2γ/4) ,
where γ ≈ 0.577 is the Euler-Mascheroni constant, and we have used the relation
G
2D
(kρ)−G(0) = m
4pi~2l⊥
(−ipi + ln(k2ρl2⊥)) .
Hence, the effective scattering length in the quasi two-dimensional geometry is given by a2D = 2l⊥e−
l⊥
2as e−γ .
Harmonic confinement
In this part, we provide a derivation of the effective two-dimensional scattering length a2D in a setup with harmonic
confinement. Again, we resort to the previously studied two-channel model. The introduction of a harmonic trapping
potential in x-direction changes the single particle Hamiltonian to H0 = − ~22m∆+mω
2
2 x
2 and gives rise to the harmonic
oscillator length l⊥ =
√
~/mω⊥. The coupled Schro¨dinger equations in the center-of-mass frame reduce to[
~2k2ρ
m
+ ~ω⊥
(
n+
1
2
)
+
~2
m
∆− mω
2
⊥
4
x2
]
ψ(r) = gφcαΛ, and
[
~2k2ρ
m
+ ~ω⊥
(
n+
1
2
)
− ν0
]
φc = g
∫
drαΛ(r)ψ(r),
where kρ = (ky, kz)
T . We are interested in the quasi two-dimensional regime so the motion is restricted to the
transverse ground state and our ansatz for the scattering wave function takes the form
ψ(r) = eikρρϕ0(x) + β
h
2D
∫
dr′αΛ(r′)Gkρ,0(r, r
′)
4with ρ = (y, z)T . In addition, ϕn(x) denote the eigenfunctions of the harmonic oscillator. Then, the Green’s function
is given by
Gkρ,0(r, r
′) =
m
~2
∫
dp2
(2pi)2
∞∑
n=0
eip(ρ−ρ
′)ϕn(x)ϕn(x
′)
k2ρ − p2 − n/l2⊥ + iη
,
Again, we find the connection to the quasi two-dimensional scattering amplitude fh2D(kρ),
fh2D(kρ) = −
m
4~2
√
2i
pikρ
(
1
2pil2⊥
)1/4
βh2D = −
m
4~2
√
2i
pikρ
(
1
2pil2⊥
)1/4 g2 ( 1
2pil2⊥
)1/4
~2k2ρ
m − ν0 − g2G
h
2D(kρ)
,
where
G
h
2D(kρ) =
∫
dr dr′αΛ(r)αΛ(r′)Gkρ,n=0(r, r
′).
Thus, the quasi two-dimensional scattering amplitude in terms of the physical detuning ν simplifies to
fh2D(kρ) = −
m
4~2
√
2i
pikρ
1√
2pil2⊥
g2
−ν − g2
(
G
h
2D(kρ)−G(0)
) .
For the evaluation of the difference G
h
2D(kρ) − G(0) it is suitable to choose αΛ(r) = e−ρ/2Λ
2
δ(x)/2piΛ2 without loss
of generality. Then, we can analytically evaluate the summation over the harmonic oscillator modes in G
h
2D(kρ) and
are left with the integration in momentum space,
G
h
2D(kρ)−G(0) =
m
4pi~2
1√
2pil2⊥
(
C
h
2D − ipi + ln
(
k2ρl
2
⊥/2
))
,
where
C
h
2D =
∫ ∞
0
du 2u
(√
pi
u
−
√
piΓ(u2)
Γ(u2 + 12 )
+
1
u2(1 + u)
)
≈ 1.938 .
Hence, the scattering amplitude fh2D(kρ) is
fh2D(kρ) = −
√
2pii
kρ
1
ipi − ln
(
k2ρl
2
⊥e
C
h
2D−
√
2pil⊥/as
) = −√2pii
kρ
1
ipi − ln (k2ρah2De2γ/4) ,
and we found an expression for the scattering length, ah2D =
√
2l⊥e−γ−C
h
2D/2e−
√
2pil⊥/2as . A closer analysis of C
h
2D
reveals the connection to the constant B found in [2, 3], B = 2pie−C
h
2D ≈ 0.905, and we obtain
ah2D = 2l⊥
√
pi
B
e−
√
2pil⊥/2as−γ .
The constant Ch2D of the main text is then given by C
h
2D = (2pi)
3/2
√
e/B. One can obtain the quasi one-dimensional
scattering length in a harmonic confinement in the same manner and for completeness we will only give the expression
first found by [4] here,
ah1D = −
l2⊥
as
(
1− C
h
1D√
2
as
l⊥
)
with Ch1D ≈ 1.4603 .
3D-1D CROSSOVER
In the following, we will briefly sketch the derivation of the function describing the entire crossover regime in the
3D-1D crossover. We start with
E − E3D
E0
= κ2λ
∫ ∞
κ
dκ′ [h(κ′)− h3D(κ′)]
5and perform the integration over κ′ first. The upper boundary of the integration vanishes and we obtain
E1D − E3D
E0
= λ
∫
du
[∑
n,m
f(ε)−
∫
dvdw f(ε)
]
, where f(ε) =
√
ε2 + 2εκ− ε− κ.
We proceed by rewriting the integration over u by deforming the integration path into the complex plane. Then, the
integral takes the from ∫ ∞
−∞
du
√
ε2 + 2εκ− ε− κ = −4κ
3/2
√
pi
∫ 1
0
dt
√
t(1− t)√
t+ pi4κ (v
2 + w2)
.
This allows us now to nicely separate the different contributions to the ground state energy,∫
dv dw
1√
t+ pi4κ (v
2 + w2)
−
∑
v,w
1√
t+ pi4κ (v
2 + w2)
=− 1√
t
+
∑′
v,w
1√
pi
4κ (v
2 + w2)
−
∑′
v,w
1√
t+ pi4κ (v
2 + w2)
+
∫
dv dw
1√
pi
4κ (v
2 + w2)
−
∑′
v,w
1√
pi
4κ (v
2 + w2)
}
=
√
4κ
pi
C1D
+
∫
dv dw
∫
1√
t+ pi4κ (v
2 + w2)
−
∫
dv dw
1√
pi
4κ (v
2 + w2)
}
= −8√tκ.
Hence, we arrive at
E − E3D
λE0
=− 8
3
√
pi
κ3/2 + C1Dκ
2 − 128
15
√
pi
κ5/2 +
8κ2
pi
∫ 1
0
dt
√
t(1− t)
∑′
v,w
1√
v2 + w2
−
∑′
v,w
1√
v2 + w2 + 4κtpi
 .
As a last step, we want to get rid of the double summation. Therefore, we use 1/
√
A =
∫∞
0
dτ e−τA/
√
τ to write
∑′
v,w
 1√
v2 + w2
− 1√
v2 + w2 + 4κtpi
 = ∫ ∞
0
dτ√
piτ
∑′
v,w
e−τ(v
2+w2)(1− e−τ4κt/pi)
=
∫ ∞
0
dτ√
piτ
(
ϑ3(0, e
−τ )2 − 1
)(
1− e−τ4κt/pi
)
,
where we have made use of the definition of the Jacobi theta function ϑ3(z, q) =
∑
n q
n2 cos(2nz). Finally, we perform
the integration over t, ∫ 1
0
dt
√
t(1− t)
(
1− e−4τκt/pi
)
=
pi
8
(
1− e
− 2τκpi I1( 2τκpi )
τκ/pi
)
,
and arrive at the final result
E1D
E0
= κ2(1 + λC1D)− λ 8
3
√
pi
κ3/2 + λκ2
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2−1] [1− e− 2τκpi I1 ( 2τκpi )
τκ/pi
]
.
3D regime with κ 1
Using the relation ϑ3 (0, e
−pix) = ϑ3
(
0, e−pi/x
)
/
√
x, which is straightforward to prove using the Poisson summation
formula, we find a suitable expression to perform the analytic expansion for κ 1,
6κ2
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2 − 1] [1− e− 2τκpi I1 ( 2τκpi )
τκ/pi
]
= κ2
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2 − pi
τ
] [
1− e
− 2κpiτ I1
(
2piκ
τ
)
piκ/τ
]
= κ2
∫ ∞
0
dτ√
piτ
[
1− e
− 2κpiτ I1
(
2piκ
τ
)
piκ/τ
] }
=
128
15
√
pi
κ5/2 (6)
+ κ2
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2 − pi
τ
− 1
] }
= −κ2C1D (7)
+ κ2
∫ ∞
0
dτ√
piτ
pi
τ
[
e−
2κpi
τ I1
(
2piκ
τ
)
piκ/τ
] }
=
8
3
√
pi
κ3/2 (8)
−
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2 − 1] [e− 2κpiτ I1 ( 2piκτ )
piκ/τ
] }
≈ −κ2
∫ ∞
0
dτ√
piτ
[
ϑ3
(
0, e−τ
)2 − 1]√ 2
pi
( τ
2κpi
)3/2
= −√κ A1D
2pi5/2
Inserting into Eq. (9) of the main text, we see that Eq. (6) provides the correct 3D results, while Eq. (7) cancels
the correction to the mean-field shift, Eq. (8) cancels the 1D beyond-mean-field correction, while the last term
can now be expanded in the small parameter τ/κ, which provides the leading correction for large κ  1 with
A1D =
∑′
v,w
(
v2 + w2
)−2 ≈ 6.0268.
HARMONIC CONFINEMENT
Bogoliubov theory in the 1D geometry with harmonic confinement
In the following, we study a system, where the mean-field energy is canceled by a second type of interaction,
and the ground state remains always in the lowest harmonic mode of the transverse confinement within mean-field
theory. Then, we can derive the Bogoliubov excitation spectrum in analogy to the situation with periodic boundary
conditions and perform a perturbation expansion for small values of κ = n1Das. We express the bosonic field operator
in eigenstates of the non-interacting theory,
ψ(r) =
1√
L
∑
v,w
∫
dk
2pi
eikxϕv(y)ϕw(z)bk,vw with ϕw(z) =
1√
2ww! l⊥
√
pi
Hw(z/l⊥)e−z
2/2l2⊥
the eigenfunctions of the harmonic oscillator and the oscillator length l⊥ =
√
~/mω⊥. The quantum many-body
Hamiltonian takes the form
H =
∑
k
∑
v,w
˜k,vwb
†
k,vwbk,vw +
1
2L
∑
k,k′,
q
∑
i,i′,w,w′,
j,j′,v,v′
V ij,i
′j′
vw,v′w′(q)b
†
k,vwb
†
k′,v′w′bk′−q,i′j′bk+q,vw
with the excitation spectrum ˜k,vw =
~2k2
2m + ~ω⊥(v + w) and the interaction potential
V ij,i
′j′
vw,v′w′(q) =
∫
dx dy dy′ dz dz′ eiqxϕv(y)ϕv′(y′)ϕw(z)ϕw′(z′)ϕi′(y′)ϕi(y)ϕj(z)ϕj′(z′)V (x, y, y′, z, z′).
In order to achieve the cancellation of the mean-field energy, we add an attractive interaction with a very long range.
The combined interaction potential is suitably chosen as
V (x, y, y′, z, z′) = gδ(y − y′)δ(z − z′)
(
δ(x)− 1√
pir20
e−x
2/r20
)
.
The first term is the contact interaction with g = 4pi~2as/m, whereas the attractive second part will not contribute
to the beyond-mean-field corrections due to its long-range character. The mean-field part, however, is strongly
influenced by the additional interaction, as µ = V 00,0000,00 (0) = 0. Following the standard approach by Bogoliubov,
7we replace the lowest state b0,00 by a macroscopic occupation
√
N0. Then, we express the condensate fraction by
N0 = N −
∑′
k,vw
b†k,vwbk,vw and obtain in leading order in N
H =
∑
k
∑
vw
˜k,vwb
†
k,vwbk,vw +
n1D
2
∑′
k,v,w,
v′,w′
[
2Vvw,v′w′b
†
k,vwbk,v′w′ + Vvw,v′w′b
†
k,vwb
†
−k,v′w′ + Vvw,v′w′bk,vwb−k,v′w′
]
,
where we have introduced Vvw,v′w′ = g
∫
dy dz ϕv(y)ϕv′(y)ϕ0(y)
2ϕw(z)ϕw′(z)ϕ0(z)
2 and the primed sum indicates
the absence of the condensate mode. The determination of the Bogoliubov excitation spectrum is most conveniently
achieved using the following approach: We start with the Heisenberg equation
i~b˙k,vw = [bk,vw, H] = ˜k,vwbk,vw + n1D
∑
v′,w′
Vvw,v′w′(bk,v′w′ + b−k,v′w′).
Then, the second time derivation simplifies to
(i~)2b¨k,vw = ˜2k,vwbk,vw + ˜k,vwn1D
∑
v′w′
Vvw,v′w′
(
bk,v′w′ + b
†
−k,v′w′
)
+ n1D
∑
v′w′
Vvw,v′w′
(
˜k,v′w′bk,v′w′ − ˜k,v′w′b†−k,v′w′
)
.
(9)
Adding and subtracting the adjoint of Eq. (9) and making use of the Bogoliubov transformation bk,vw =
∑
α,β u
αβ
k,vwak,αβ+
vαβk,vwa
†
−k,αβ , we obtain two equations for the excitation spectrum E˜k,αβ ,
E˜2k,αβf
+,αβ
k,vw = ˜
2
k,vwf
+,αβ
k,vw + 2˜k,vwn1D
∑
v′w′
Vvw,v′w′f
+,αβ
k,v′w′ and
E˜2k,αβf
−,αβ
k,vw = ˜
2
k,vwf
−,αβ
k,vw + 2n1D
∑
v′w′
˜k,v′w′Vv′w′,vwf
−,αβ
k,v′w′ , (10)
with f±,αβk,vw = u
αβ
k,vw ± vαβk,vw. Both equations are connected by the relation f+,αβk,vw = ˜k,vwEk,αβ f
−,αβ
k,vw . As the Bogoliubov
transformation has to be canonical, the Bogoliubov functions satisfy δα,γδβ,δ =
∑
vw f
+,αβ
k,vw f
−,γδ
k,vw , which determines
the normalization of the Bogoliubov functions f±,αβk,vw . The solution of Eq. (10) provides the excitation spectrum E˜k,αβ ,
the Bogoliubov function f±,αβk,vw and hence the amplitude v
αβ
k,vw. This allows us to determine the beyond-mean-field
correction by the approach of Hugenholtz and Pines,
Eh1D −
1
2
µN =
L
2
∫
dk
2pi
∑
v,α
w,β
[
˜k,vw − E˜k,αβ
]
|vαβk,vw|2. (11)
In general, Eq.(10) has to be solved numerically. In the quasi-one-dimensional regime κ = n1Das  1, however, we can
perform a perturbation expansion for Ek,αβ and f
±,αβ
k,vw in κ to obtain the leading contributions. A consistent expansion
in κ turns out to be challenging and we will describe the procedure in detail. We introduce the dimensionless single
particle excitation spectrum u,vw = ˜k,vw/(4pi~2/ml2⊥) = pi(u2 + (v+w)/(2pi2))/2 and the dimensionless Bogoliubov
spectrum Eu,αβ = E˜k,αβ/(4pi~2/ml2⊥), where u = kl⊥/(2pi). In what follows, we will discuss the right-hand side of
Eq. (11) and separate the different contributions,
L
2
∫
dk
2pi
∑
v,α
w,β
[
˜k,vw − E˜k,αβ
]
|vαβk,vw|2 =2piEh0 λ
(∫
du [u,00 − Eu,00] |v00u,00|2 +
∫
du
∑′
v,w
[u,vw − u,00] |v00u,vw|2 (12)
+
∫
du
∑′
α,β
[u,00 − Eu,αβ ] |vαβu,00|2 +
∫
du
∑′
v,w
∑′
α,β
[u,vw − Eu,αβ ] |vαβu,vw|2
)
,
where we have introduced the energy scale Eh0 = ~ω⊥L/as and λ = as/l⊥. For the first term we determine the
Bogoliubov spectrum within second order perturbation theory,
E2u,00 = 
2
u,00 + 2u,00κη00η00 + 4κ
2
∑′
v,w
u,00u,vwη
2
v0η
2
w0
2u,00 − 2u,vw
,
8where we have introduced the overlap of the harmonic oscillator wave functions
ηvw = l⊥
∫
dz ϕv(z)ϕw(z)ϕ0(z)
2 =
{
1√
2pi
(−1)(v−w)/2
2v+w
(v+w)!
( v+w2 )!
1√
v!w!
v + w = even
0 v + w = odd.
The momentum dependence of the third term can be neglected, and we can evaluate the remaining sum over the
harmonic oscillator modes, ∑′
v,w
η2v0η
2
w0
v + w
=
ln(4/3)
8pi2
. (13)
Thus, the Bogoliubov spectrum reads
E2u,00 = 
2
u,00 + 2u,00
(
κ
2pi
− ln(4/3)
pi
κ2
)
.
For the Bogoliubov function f+,00u,00 on the other hand, it is sufficient only to include the lowest order (f
+,00
u,00 )
2 =
u,00
Eu,00
.
Any higher order will only provide contribution of order κ7/2 or higher. We obtain the amplitude
|v00u,00|2 =
1
4
(
1− Eu,00
u,00
)2 (
f+,00u,00
)2
=
1
4
(
1− Eu,00
u,00
)2
u,00
Eu,00
and perform the momentum integration, which yields
2piλ
∫
du [u,00 − Eu,00] |v00u,00|2 = λ
(
−
√
2
3pi
κ3/2 +
√
2 ln(4/3)
pi
κ5/2
)
.
The first term will provide the one-dimensional beyond-mean-field correction, whereas the second is part of the
leading correction. In contrast to the situation with periodic boundary conditions, the leading correction to the
one-dimensional behavior is not of order κ3, but the coupling of the condensate mode to higher harmonic oscillator
modes leads to a three-dimensional behavior of the form κ5/2. Terms of order κ3 appear in our calculations as well
but they are not the dominant correction anymore. In the following we will see, that a consistent expansion up to κ3
would require to calculate the Bogoliubov functions within second order perturbation theory, which makes a consistent
expansion very cumbersome.
We will now continue with the second term of Eq. (12). As (v, w) 6= (α, β) = (0, 0), we need to calculate the
perturbative correction to the Bogoliubov function f±,00u,vw . In our calculation we determine f
+,00
u,vw within first order,
take care of the normalization in the relevant order and obtain
|v00u,vw|2 =
1
4
(
1− Eu,00
u,vw
)2
(f+,00u,vw)
2 = κ2
u,00
Eu,00
(
1− Eu,00
u,vw
)2(
u,vwηv0ηw0
2u,00 − 2u,vw
)2
.
Although we calculated the Bogoliubov spectrum Eu,00 up to second order, it is sufficient to use only the lowest order
order, as v00u,vw itself contains orders of κ
2 and higher. Again, we can perform the momentum integration and expand
the result in orders of κ,
2piλ
∫
du
∑′
v,w
[u,vw − u,00] |v00u,vw|2 = λ
∑′
vw
η2v0η
2
w0
(
2pi2√
v + w
κ2 − 16
√
2pi
v + w
κ5/2 +O(κ3)
)
. (14)
The first term of order κ2 carries the κ-dependence of the amplitude |v00u,vw|2. Hence, evaluating the Bogoliubov
functions up to second order immediately yields additional contributions of order κ3. In the following we will waive
to include those. The second term is another contribution to the energy of order κ5/2 with the same double sum as
in Eq. (13).
The procedure for the third term of Eq. (12) is very similar to the previous one. It is sufficient to calculate the
Bogoliubov spectrum Eu,αβ and the amplitudes v
αβ
u,00 within first order,
E2u,αβ = 
2
u,αβ + 2κu,αβηααηββ and |vαβu,00|2 = κ2
u,αβ
Eu,αβ
(
1− Eu,αβ
u,00
)2(
u,00ηα0ηβ0
2u,αβ − 2u,00
)2
.
9The expansion for small values of κ 1 and the momentum integration yields another contribution of order κ2,
2piλ
∫
du
∑′
α,β
[u,00 − Eu,αβ ] |vαβu,00|2 = −λ
∑′
α,β
2pi2
η2α0η
2
β0√
α+ β
κ2 +O(κ3),
which exactly cancels the κ2 contribution of Eq. (14).
For the last term in Eq. (12), even the lowest order in the Bogoliubov spectrum Eu,αβ and the amplitudes
|vαβu,vw|2 =
1
4
(
1− Eu,αβ
u,vw
)2
u,vw
Eu,αβ
δvαδwβ (15)
immediately leads to contributions of order κ3.
In conclusion, we arrive at a differential equation for κ 1,
Eh1D −
1
2
µN = Eh1D −
κ
2
dEh1D
dκ
= λEh0
(
−
√
2
3pi
κ3/2 −
√
2 ln(4/3)
pi
κ5/2 +O(κ3)
)
(16)
and its solution reads
Eh1D
Eh0
= λ
Ch1D√
2
κ2 − λ4
√
2
3pi
κ3/2 + λ
4
√
2 ln(4/3)
pi
κ5/2 +O(κ3). (17)
Note that the first term of order κ2 is not determined by the differential equation but enters as a constraint, as
the crossover has to include the leading correction to the confinement-induced resonance, which became evident
in the study for periodic boundary conditions. For a harmonic confinement, we confirm this by a full numerical
evaluation of the ground state energy in the crossover form 3D to 1D. This requires the full numerical evaluation
of the Bogoliubov excitation spectrum Eu,αβ and the determination of the factors |vαβu,vw|2. Inserting the result in
Eq. (11) and performing the summation and integration numerically allows us to solve the differential equation and
obtain the ground state energy Eh1D in the full crossover. We can fix the integration constant at large densities (κ 1)
by requiring the correct mean-field term from the local-density approximation. Then, we can derive the behavior in
the one-dimensional regime κ 1. From our numerical calculations, we obtain the leading corrections in Eq. (14) in
the main text, and recover the analytical expressions for Ch1D with an error of 1%. Remarkably, from the 3D result
in local-density approximation, we recover from the crossover the expected LHY correction, as well as the correction
stemming from the regularization of the 1D scattering length due to the transverse confinement.
Finally, we want to comment on the situation in the 2D geometry with harmonic confinement. The analysis of the
ground state energy in the two-dimensional regime is carried out analogously to the 1D scenario. We find, that the
leading correction to the beyond-mean-field energy is of order κ3 ln(κ). This is problematic as a consistent expansion
up to order κ3 would require to determine the Bogoliubov functions f±,αk,w within second order perturbation theory, as
we have already seen in the one-dimensional case.
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